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Abstract

Many technically relevant ¯ows are wall-bounded ¯ows at high Reynolds numbers. The knowledge of the near-wall behaviour of

turbulence is important for the correct modelling of these ¯ows. The in¯uence of the Reynolds number on turbulence quantities

results from the imposed boundary conditions at the edge of a boundary layer or on the axis of a channel or a pipe ¯ow. This has

often been assumed not to a�ect the near-wall region. However, experimental and numerical results show a Reynolds number

dependence of turbulence intensity very close to the wall. In this work the low-Reynolds number e�ects in turbulent wall-bounded

¯ows were investigated experimentally using the LDA measuring technique. A new method is explained how to eliminate the in-

¯uence of the limited spatial resolution of the LDA measuring technique. Ó 2000 Begell House Inc. Published by Elsevier Science

Inc. All rights reserved.

1. Introduction

In turbulent ¯ows at high Reynolds numbers the in¯uence
of the viscosity on technically relevant quantities is negligible.
In the immediate proximity of a wall however, there is always a
region where the local Reynolds numbers are small. The
mechanisms of near wall turbulence can be investigated from
two complementary points of view. On the one hand one can
try to understand the causes of the onset of turbulence at low
Reynolds numbers or on the other hand one can ask questions
which concern the fully developed state of turbulence and its
interaction with walls.

Although wall-bounded ¯ows have been investigated by
many researchers in the last 60 years the overall progress
achieved in the ®eld is slow. In part this is due to the lack of
appropriate data which could be used to analyse the complete
dynamic equations for the turbulence correlations. With ad-
vances in computer technology, it has become feasible to study
turbulent ¯ows by applying numerical techniques. Direct nu-
merical simulations are restricted to Reynolds numbers which
are far below those of technical application. Although there is
general agreement in the literature about scaling of the mean
velocity distribution close to the wall, there is no physical ex-
planation for the numerically and experimentally observed
variations of the ¯uctuating quantities when non-dimension-
alized using the wall variables. In the region very close to the
wall the gradients of time-averaged quantities are very high;
therefore, it is not clear whether the observed Reynolds
number dependences are physically real or just artefacts re-
lated to the data accuracy and the spatial resolution in ex-
perimental and numerical investigations. The goal of this work

was to investigate the in¯uence of the Reynolds number in the
near-wall region of fully developed ¯ows. We will focus our
attention primarily on the region of viscous sublayer adjacent
to the wall where it is expected that inner scaling laws should
hold by de®nition for all turbulence quantities.

The laser-Doppler (LDA) measuring technique allows ac-
curate experimental data to be obtained deep in the viscous
sublayer provided that the in¯uence of the ®nite size of the
LDA control volume is taken into account. By measuring with
di�erent LDA volume sizes, high reliability of the turbulence
data can be achieved close to the wall even at higher Reynolds
numbers.

2. Implications of boundary layer transition on near-wall
turbulence

Hinze (1975) concluded, from early visualization experi-
ments of Fage and Townend (1932), that ¯ow in the viscous
sublayer is almost two-dimensional and two-component over
fairly long periods of time. He also argued that there is
considerable similarity between the mechanisms leading to a
transition from laminar to turbulent ¯ow and of continuous
generation of turbulence in wall-bounded ¯ows. These infer-
ences, deduced from the accumulated experimental data,
suggest that we can apply some knowledge of the linear theory
of hydromechanical stability, which describes the so-called
Tollmien±Schlichting type of turbulence, to access the prop-
erties of the ¯ow structures close to the wall. As demonstrated
by ¯ow visualization experiments of Kline et al. (1967), orga-
nized structures in the form thin streak ®laments shown
in Fig. 1 play a key role in the continuous generation of
turbulence near the walls.

Assuming that the ¯ow pattern within the streak ®lament is
initially laminar, undergoing some sort of transition process
(see Kim et al., 1971), we can make an attempt to deduce the
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characteristic length and time scales of this structure using the
critical Reynolds number (de®ned at the instability point) valid
for laminar boundary layers (see Schlichting, 1968):

U1d1

m

� �
crit

� 520; �1�

where d1 and U1 represent the displacement thickness and
velocity at the edge of the shear layer. Using the relationships
for the boundary layer thickness d1 and the skin friction
coe�cient cf :

d1 � 1:7208

�������
mx

U1

r
and cf � s0

�1=2�qU 21
� 0:332�������������������U1x=m�p �2�

the following estimate for the streamwise length scale emerges:

k�x ' 2140: �3�
This result is in close agreement with the scale (k�x =2 ' 1300)
deduced from two-point space-time correlation measurements
of wall shear stress ¯uctuations from Kreplin and Eckelmann
(1979).

For a growing laminar shear layer, the critical thickness
which corresponds to instability is:

dus

m

� �
crit

' 35: �4�

This value compares well with the most probable location
where breakdown of the low-speed streaky structure occurs
leading to the bursting event which, according to Kline et al.
(1967), contributes to a large portion of the turbulence pro-
duction near the wall. Using di�erent conditional sampling
schemes to detect the bursting process, Jovanovi�c (1984) could
show that the mean interval between the bursts reaches a
minimum value at the edge of the bu�er region x�2 ' 30.

To gain additional insight into the interconnection between
the mechanisms leading to transition and of the continuous
generation of turbulence near the wall, we may use the wave
propagation velocity cr and the wavelength k of the distur-
bances at the instability point (see Schlichting, 1968):

cr ' 0:42U1; k ' 17:5d1 �5�
to estimate the time scale

TB � k
cr

�6�

of the periodic events leading to the bursting process. Using (5)
and (6) it can easily be shown that

TBu2
s

m
' 12 and

kus

m
' 210: �7�

The above results are in close agreement with the data ob-
tained from simultaneous ¯ow visualization and hot-wire
measurements by Falco and Gendrich (1989). These results
suggest that low-speed streak lifting, oscillation and break-
down are triggered by the vortex-ring type structure of a
mushroom cross-sectional shape which Falco (1977) named
typical eddy. It scales on inner variables rather than on the
shear layer thickness and is responsible for the transitional
instability close to the wall.

3. Anisotropy invariant mapping

In the near-wall region of turbulent ¯ows the anisotropy of
turbulence plays a very important role since the turbulence
energy is not distributed equally between all three ¯uctuating
components. The analysis of the Reynolds number depen-
dences requires the application of the invariant theory since
changes in the Reynolds number may be re¯ected in changes in
the anisotropy. The anisotropy of the turbulence can be
quanti®ed, according to Lumley and Newman (1977), using
the anisotropy tensor:

aij � uiuj

q2
ÿ 1

3
dij

and its scalar invariants:

IIa � aijaji; �8�
IIIa � aijaikajk : �9�
A plot of (8) versus (9) for axisymmetric turbulence:

IIa � 3

2

4

3
jIIIaj

� �2=3

and two-component turbulence:

IIa � 2

9
� 2IIIa

de®nes the anisotropy invariant map according to Lumely
(1978). In Fig. 2(a), the asymptotic states of turbulence are
shown. These span an area between three points which bound
all physically realizable turbulence. Invariant theory tries to
describe all important features of dynamic behaviour of tur-
bulence by the invariants IIa and IIIa. Turbulence states which
are close to each other in the invariant map are assumed to
show similar physical behaviour. Therefore, it is possible to
express modelling parameters as functions of the anisotropy
invariants.

Jovanovi�c et al. (1995, 1999) proposed the following strat-
egy to improve the modelling of turbulent ¯ows. Owing to
additional symmetries, he argued that the modelling parame-
ters can be speci®ed in the asymptotic states of turbulence by
analytical considerations and by evaluation of DNS data. The
value Y of a parameter inside the invariant map is then com-
puted by application of an interpolation scheme:

Y � �1ÿ F ��Y �2C � F �Y �axi; �10�

where F is the interpolation function

F � 1ÿ 9��1=2�IIa ÿ IIIa�
1ÿ 9 �3=4� �4=3�jIIIaj� �2=3 ÿ IIIa

h i : �11�

Fig. 1. The structure of turbulence close to the wall and the length

scales deduced from transitional instability.
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Contours of constant values of the interpolation function be-
tween F � 0 and F � 1:0 inside the invariant map are shown in
Fig. 2(b).

4. Analysis of DNS data

The utilization of the numerical databases may give some
insight into the mechanisms of turbulent wall-bounded ¯ows.

4.1. Energy balance

In the following we examine the in¯uence of Reynolds
number on the terms in the budget for the turbulence kinetic
energy k � 1=2usus:
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Since the in¯uence of convection is negligible, the balance of
(12) consists of production (Pk), turbulent (Tk) and pressure
(Pk) transport, dissipation (�) and viscous di�usion (Dk). All
turbulence kinetic energy produced in the ¯ow is converted to
heat by the dissipation process. Therefore, the integral over the
sum of both terms must vanish:Z h

0

�Pk ÿ �� dx2 � 0: �13�

The other three terms in Eq. (12) basically describe the
transport of energy normal to the mean ¯ow direction. It turns
out that the viscous di�usion (Dk) is sensitive to variations in
Re but plays a passive role and serves only to satisfy the
boundary conditions at the wall. The turbulent (Tk) and pres-
sure (Pk) transport are relatively insensitive to the Reynolds
number dependence. In Fig. 3 are plotted the dissipation and
production rate terms for channel and boundary layer ¯ows.
The Reynolds numbers for channel ¯ow Rem� 2900, 5600 and
13 800 (based on the bulk velocity U m and full width H � 2h of
the channel) and for boundary layer ¯ow Reh� 300, 670 and
1410 (based on the outer ¯ow velocity U1 and the momentum
thickness h). For this purpose the databases of Kim et al.
(1987), Kuroda et al. (1989, 1993), Horiuhi, 1992 Gilbert and

Fig. 2. Limiting states of invariant map (a) and constant values of

interpolation function F (b).

Fig. 3. Balance of the turbulence kinetic energy in plane channel ¯ow

(thin lines) and turbulent boundary layer ¯ow (thick lines) for di�erent

Reynolds numbers. �, Kuroda et al. (1989), Rem � 2900; �, Horiuhi

(1992), Rem � 5600;, Antonia et al. (1992), Rem � 13800; �, Spalart

(1988), Reh � 300; 4, Spalart (1988), Reh � 670; �, Spalart (1988),

Reh � 1410.
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Kleiser (1991), Antonia et al. (1992) and Spalart (1988) were
employed.

Using the mean momentum equation, the production rate
term in (12) may be expressed as follows:

P�k �
dU �

1

dx�2
ÿ dU �

1

dx�2

 !2

� f �Res�; �14�

where the last term on the right-hand side of (14), f �Res�,
originates from the streamwise pressure gradient, which
can be determined from the shear stress at the wall.
Hence f �Res� � ÿ�x�2 =Res��dU �

1 =dx�2 � for channel ¯ows and
f �Res� � 0 for boundary layer ¯ows. Res is de®ned as
Res � ush=m. As can be inferred from (14), the production term
in the case of turbulent channel ¯ows exhibits a strong Rey-
nolds number dependence even very close to the wall. There-
fore, one could argue that the source for the Reynolds number
dependence of � and k at the wall is the change in the pro-
duction process which leads to a Reynolds number dependence
of energy transported to the wall by the viscous di�usion
process. This conjecture is contradicted by the result for tur-
bulent boundary layer ¯ows where a Reynolds number de-
pendence of � at the wall is found while the behaviour of Pk

close to the wall is universal. Based on these results, one may
conclude that the source of the observed low Reynolds number
e�ects in wall-bounded ¯ows lies in the dissipation equation.

It is interesting to analyse the in¯uence of Reynolds number
on the anisotropy of the Reynolds stresses since it can shed
some light on the dynamics of turbulence in the near-wall re-
gion. In the near-wall region the invariants follow the upper
boundary of the anisotropy invariant map which characterizes
two-component turbulence. Fig. 4 shows the e�ect of Reynolds
number on the anisotropy of the turbulence for channel ¯ow.
There are two noticeable trends in the data that can be clearly
distinguished. First, let us look at the region very close to the
wall. There, with increasing Reynolds number, the anisotropy
decreases. Consequently, the invariants, which lie along the
two-component limit tend to move towards the left corner
point of the anisotropy map, which corresponds to the two-
component isotropic state. In the bu�er and logarithmic ¯ow
regions the invariants closely follow the right boundary of the
anisotropy map, which corresponds to axisymmetric turbu-
lence. From Fig. 4 it appears that with increase in Reynolds
number there is a trend in the data to shift gently towards the
limit valid for two-component turbulence.

We may try to use the above-mentioned inferences gained
from the numerical databases in order to explain the observed
low Reynolds number e�ects close to the wall which are con-
centrated in the dynamic equation for the turbulence dissipa-
tion rate. This is plausible since the dynamics of � are
in¯uenced by the anisotropy of the turbulence. We shall see
later how the Reynolds number dependence of � at the wall
actually arises.

4.2. Dissipation rate balance

In the studies of Jovanovi�c et al. (1995, 1999), the two-point
correlation technique and the invariant theory were used to
examine turbulence closure for dissipation rate correlations.
The results of the analysis were found to be consistent with the
suggestion made by Lumely (1978) that the anisotropy of
turbulence plays an important role in the budget of dissipation
rate correlations. Based on these considerations, Jovanovi�c
et al. (1995, 1999) derived the following set of the equations
which govern approximately the dynamics of the turbulence
dissipation rate:

� � 1

2
mDxk � �h; �15�

o�h

ot
� U k

o�h

oxk
� ÿ 2A

�hukus

k
oU s

oxk
ÿ w

�2
h

k

� o
oxk

C�

k
�h

ukul
o�h

oxl

� �
� 1

2
mDx�h: �16�

According to (15), the turbulence dissipation rate � is
composed of an inhomogeneous part 1=2mDxk and a homo-
geneous part �h. The homogeneous part of the dissipation rate
�h is directly related to the Taylor microscale k as �h � 5mq2=k2.

The ®rst two terms on the right-hand side of (16)
approximate the production of �h by the mean velocity
gradient. Examination of the limiting behaviour of the two-
point velocity correlation for the various states of turbulence
permitted the closure for the generation of �h to be expressed
in terms of the anisotropy of turbulence and turbulent Rey-
nolds number:

ÿ2A
�h

k
ukul

oU k

oxl
; A � A�IIa; IIIa;Rk�; Rk � kq

m
:

In two-component turbulence and for arbitrary Reynolds
number, the invariant function A has the value A � 1. For
vanishing anisotropy and very low Reynolds numbers, A � 1.
For small anisotropy and very large Reynolds numbers A ' 0,
which is in close agreement with Kolmogorov (1941) theory of
locally isotropic turbulence.

Fig. 4. Traces of the joint variations of IIa and IIIa across the anisot-

ropy invariant map. Data correspond to a plane channel ¯ow (a) and

turbulent boundary layer ¯ows (b) at di�erent Reynolds numbers.
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The third term on the right-hand side of (16),

ÿw
�2

h

k
; w � w�IIa; IIIa;Rk�;

is an approximation of the di�erence between the turbulent
production and viscous destruction the two dominant terms in
the balance of the dissipation rate equation.

The fourth term on the right-hand side of (16) accounts for
the turbulent transport. The most widely used closure for this
term:
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oxl
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; C� ' 0:18 �17�

is analogous to the form used for the interpretation of the
similar term in the energy equation. Using the scaling argu-
ments outlined by Tennekes and Lumley (1972), Jovanovi�c
(1999) derived the alternative closure:

ÿ 7
���
3
p

180

o
oxk

Jf�
�h

k
q2uk ; J � J�IIa; IIIa�; f� � f��Rk�: �18�

In contrast to (17), the use of (18) permits a nearly perfect
balance of the dissipation rate equation to be obtained from
the experimental data measured near the centreline of a plane
turbulent wake ¯ow at low Reynolds number.

The last term on the right-hand side of (16) is the viscous
di�usion of �h.

Fig. 5 shows the asymptotic behaviour of the invariant
functions A, w and J used to approximate the in¯uence of the
anisotropy of turbulence on the source, sink and transport
processes in the dynamic equation for �h. The asymptotic
values of the invariant functions A, w and J at three corner
points of the anisotropy invariant map can be matched to-
gether using the invariant theory. Based on the these consid-
erations, the reformulated closure of the dissipation rate
equation given by (15) and (16) can cover the entire anisotropy
invariant map, i.e. all physically realizable turbulence.

We may now examine the closure of the �h Eq. (16) with the
aim of isolating the cause of the previously described Reynolds
number variation of � near the wall. In the region of viscous
sublayer, the decay term (ÿw�2

h=k) of the dissipation rate
equation is balanced by the viscous di�usion term

��1=2�mDx�h�. For this reason, only an increase in w can raise
the viscous di�usion and also � at the wall. However, the trend
in the data extracted from numerical simulations indicates that
the anisotropy of turbulence at the wall decreases with in-
creasing Reynolds number. This trend implies a decrease in w
and � at the wall with increasing Reynolds number.

However, the above consideration does not account for the
e�ects of the dimensionality of turbulence close to the wall. As
the wall is approached the normal velocity component van-
ishes much faster than other two components and the ¯ow is
forced to move in the planes which are parallel to the wall.
Thus, to a ®rst approximation, turbulence in the viscous sub-
layer might be considered as two-component and two-dimen-
sional. For such a state w may be approximated in the form
w2Cÿ2D ' 0:02Rk. This form eliminates singularity in the sink
term of the dissipation equation when it is applied to the ¯ow
predictions close to the wall. Therefore, we may conclude that
the behaviour of �w�2Dÿ2C very close to the wall is responsible for
the rise in � at the wall with increasing Reynolds number.

5. Experimental investigations

From the analysis carried out the reader may come to the
conclusion that the numerical databases form a ®rm basis for
investigating the dynamics of turbulence in a channel ¯ow and
that there is no need for the additional experimental data in
order to clarify the low Reynolds number e�ects close to the
wall. However, examination of the budget of the dissipation
rate equation close to the wall reveals noticable discrepancies
between the numerical databases in the near-wall region.

For the above reason, it is desirable to perform additional
measurements under well-controlled laboratory conditions and
at similar Reynolds numbers as these provide ¯ow information
which is independent of numerical limitations.

To study the low Reynolds number e�ects in fully devel-
oped plane channel ¯ows, a water ¯ow facility was set up
which permitted mean velocities of up to 2:5 m/s to be
obtained. The channel test section of dimensions l� b�
H � 1 m� 0:18 m� 0:01 m was preceded by a rectangular
contraction chamber (0.15 � 0.18 m2). The measurements were
performed 71 channel heights downstream of the inlet using a
laser-Doppler anemometer. Two di�erent LDA systems were
used in the present study in order to ensure good spatial and
temporal resolution of the measurements. The data were ar-
rival-time averaged under well-controlled seeding conditions in
order to minimize the e�ects of velocity biasing. Those data for
which the probability density for the detection at di�erent wall
distances inside the control volume were not plotted
(x2 < 3=2d2).

To study the laminar-to-turbulent transition in a boundary
layer a 10 mm thick ¯at plate was installed in the 400 kW wind
tunnel at LSTM-Erlangen. The closed test section has di-
mensions of 1.87 m � 1.4 m. The background turbulence could
be reduced to u01=U 1 � 0:08% and u02=U 1 � 0:04%, respective-
ly. In order to promote the boundary layer transition a rect-
angular, two-dimensional roughness element of 1.1 mm height
was mounted at a distance of 0.31 m from the leading edge.
The measurements were undertaken with a DANTEC two-
component LDA probe.

5.1. LDA control volume e�ects

Owing to the spatial distribution of turbulent ¯uctuations,
the Doppler shift frequency obtained from each scattering
particle does not correspond to the velocity in the centre of the
measuring control volume but represents the time and volume
integrated information. Durst et al. (1998) derived equations

Fig. 5. Limiting values of the invariant functions A, w and J for the

di�erent states of turbulence (Jovanovi�c, 1999).
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for the correction of control volume e�ect statistical proper-
ties. Former approaches to correct control volume e�ects have
suggested that the detection probability is proportional to the
distribution of the light intensity in the control volume. In
the following the ellipsoidal shape of the control volume and
the discreteness of particle detection will be taken into account.

Mean and the ¯uctuating parts of the velocity may be
expanded in Taylor series as follows:

Ui � U i � ui; �19�
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If one decomposes the instantaneous velocity into mean
and ¯uctuating parts along the particle trace and across the
entire control volume, a relationship between measured
quantities and those corresponding to the centre of the control
volume arises:

U i�x1;c; x2; x3� � ui�x1;c; x2; x3; t� � U i;cv � ui;cv�t�: �22�
Volume and time integration procedure (see Durst et al.,

1995) yields the following corrections for mean velocity and
turbulence intensity:
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where d2 is the minor axis of the control volume, which is
assumed to be ellipsoidal in shape.

The measured mean velocity is very close to the time-
averaged value at the centre of the measuring control volume
since the correction depends only on the second derivative of
the mean velocity pro®le, which is negligible in close proximity
of the wall.

The correction for the turbulence intensity is proportional
to the mean velocity gradient and curvature of the intensity
pro®le near the wall. The sum of both terms increases the
measured intensity in comparison with the value at the center
of the measuring control volume. Analysis of the limiting be-
haviour of (23) by means of Taylor series expansions:
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together with the wall limit limx2!0�u01=U 1� � 0:4 shows that
the second term in (23) contributes about 16% of the total
correction.

Similarly to the above derivations, corrections can also be
derived for the higher order moments. The correction for the
third-order statistical moment has two relevant additional
correction terms:
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The correction for the fourth-order moment contains three
contributions that cannot be neglected:
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In general, the volume corrections become more complicated
for the higher-order moments.

Before the measurements we shall utilize the numerical
database of Gilbert and Kleiser (1991) in order to simulate the
in¯uence of the LDA control volume size on measurements of
the turbulence intensity and higher-order moments and the
skewness S � u3

1;cv
=u031;cv

and ¯atness F � u4
1;cv
=u041;cv

factors.
Fig. 6 indicates that the dimensions of the LDA control

volume can increase signi®cantly the measured intensity near
the wall. The data presented in Fig. 6 are plotted up to the
minimum distance that corresponds to half of the diameter of
the LDA control volume from the wall. Analysis of the results
shows that the correction is strongly in¯uenced by the term
proportional to the gradient of the mean velocity. In this
context it is interesting to note that the second term in (23)
decreases the amount of correction in the bu�er region.

The in¯uence of the ®nite size of the LDA measuring
control volume on the higher-order moments is displayed in
Fig. 7. Since the correction procedure outlined above was
applied to both the denominator and the numerator of the
skewness and ¯atness factors, it turned out that the overall
corrections are small. Fig. 7(a) suggests that with increase in
the LDA control volume one can expect only a modest in-
crease in the measured skewness factor across the viscous
sublayer. The data in Fig. 7(b) imply that corrections for
measurements of the ¯atness factor are negligible if the
distance from the wall is smaller than the diameter of the
measuring control volume.

The above analysis reveals that the intensity measurements
are primarily in¯uenced by spatial integration of the LDA
signals across the measuring control volume.

As described in the previous sections, the diameter of the
measuring control volume d2 enters into the derived correc-
tions. The procedures suggested in the literature (see, for
example, Durst et al., 1995) for correcting laser-Doppler
measurements taken in ¯ow regions with high velocity gradi-
ents usually deduce the e�ective diameter of the control vol-
ume from the Gaussian light intensity distribution. However,
this approach ignores the evidence that detection of the burst is

Fig. 6. In¯uence of the ®nite size of the LDA control volume on

turbulence intensity measurements.
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dependent on the scattered particle size, transmitting and re-
ceiving optical system, gain and trigger level setting in the
signal processing electronics used to measure the Doppler
frequency.

To obtain a con®dent estimate of the measuring control
volume diameter, it is desirable to perform measurements in a
laminar ¯ow. Since in such a ¯ow there are no turbulence
¯uctuations, the measured intensity is de®ned by the mean
velocity gradient and the volume diameter:

u021;cv
� u02noise; optics �

d2
2

16

oU 1

ox2

� �2

c

: �27�

Here u02noise;optics stands for the noise contribution which origi-
nates from limited resolution of the burst frequency mea-
surements and due to non-parallelism of the fringes in the
LDA control volume. Fig. 8 shows that the noise contribution
can be easily measured at the channel centreline.

Hence, all quantities except the e�ective control volume size
can be measured and it is possible to determine d2 in a laminar
channel ¯ow from the comparison of the mean ¯ow gradient
and the measured ¯uctuation level.

5.2. Channel ¯ows

The measurement of streamwise turbulence ¯uctuations
gives an insight into the in¯uence of Reynolds number on
����wall. In Fig. 9 the RMS values of the corrected data are
shown. For the evaluation of the wall limiting values of the
turbulence level, the near-wall data in the region y� < 10 were
extrapolated to the wall position. In Fig. 10 the resulting val-
ues extracted from the measurements are plotted against
Reynolds number (among others from Mansour et al., 1998).
Comparison between experiment and DNS results reveals the
same trend but a considerable deviation in the absolute values
of u0=U at higher Reynolds numbers. A supplementary note
may be added on the low Reynolds number e�ects close to the
wall by applying the perturbation technique (see Yajnik, 1970;
Afzal and Yajnik, 1973; Philips, 1987). Using the inner length
scale m=us and the half-width h of the channel, a small
parameter e can be formulated as follows:

e � m=us

h
� 1

Res
: �28�

The appropriate asymptotic expansion for limx2!0 u01=U 1 in
terms of e reads

Fig. 8. Distribution of the measured intensity in a laminar channel ¯ow.

Fig. 9. Pro®les of the RMS values of turbulence ¯uctuations.

Fig. 7. In¯uence of the LDA control volume size on the measurements

of the higher-order moments: skewness factor (a); ¯atness factor (b).

Fig. 10. Plot of determined wall limiting values for u0=U . Comparison

with DNS data.
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u01
U 1

� �
x2!0

' a� b
Res
� c

Re2
s

� � � � �29�

and is in close agreement with the proposal suggested by
Gersten (1997). The leading order term a represents the in-
viscid limit (Re!1) and the higher-order terms b; c; . . . take
into account low Reynolds number e�ects.

5.3. Boundary layer ¯ows

The results of near-wall turbulent ¯ows seem to imply a
dynamic connection between the variations of the invariants in
wall-bounded turbulent ¯ows and the process of laminar±
turbulent transition.

With this aim in mind we extend the analysis of laminar±
turbulent transition process using the tools of invariant theory
and the anisotropy invariant mapping. The goal is to gain
some insight into the dynamics of two-component turbulence.
Fig. 11 shows the values of the anisotropy invariants IIa and
IIIa for boundary layer pro®les at the same position
xÿ xk � 0:3 m for di�erent outer ¯ow velocities between
U1 � 8:5 and 11:0 m/s. For smaller Reynolds numbers the
data are located in the vicinity of the two-component limit.
This can be understood as a con®rmation of the presence of
Tollmien±Schlichting waves since the spanwise turns out to be
very small in the two-component limit. With increasing Rey-
nolds number and the appearance of intermittency e�ects, the
data tend towards the one-component state of turbulence.
Further increase in the Reynolds number leads to the devel-
opment of turbulent boundary layer pro®les, which is re¯ected
in a movement away from the two-component limit. The data
close to the wall remain in the two component state of tur-
bulence. The results show that boundary layer transition can
be treated in the frame of the invariant theory. They can serve
as a basis for the preparation of a model which describes the
transitional ¯ow state.

6. Conclusions

The previous sections have presented analytical results
supported by numerical and experimental data in the Reynolds
number range between 3000 and 25 000. Both of these data sets
reveal similar trends with increasing Reynolds number. The
wall limit of u01=U 1 high Reynolds numbers turns out to be 0.4.

This value can be used as a criterion that turbulence models at
the wall have to satisfy. Statistical analysis shows that the
decay term of the dissipation rate equation is responsible for
the low Reynolds number e�ects at the wall.

Away from the very near-wall region, the Reynolds number
dependence of the turbulence statistics is caused by the
streamwise pressure gradient which contributes to the pro-
duction processes in the equations for the turbulence kinetic
energy and turbulence dissipation rate. Anisotropy invariant
mapping of the Reynolds stress tensor reveals a tendency for
the turbulence statistics to shift slightly from nearly axisym-
metric state towards the two-component state. This trend im-
plies a gentle increase of the turbulence dissipation rate in the
bu�er and logarithmic ¯ow regions with increasing Reynolds
number. Combined application of analytical and experimental
approaches has resulted in an improved insight into the
mechanisms of Reynolds number e�ects on turbulence ¯uctu-
ations near solid walls.
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